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◆▲❈✲✇✐❞t❤ ✐s ❛ ❣r❛♣❤ ♣❛r❛♠❡t❡r ✐♥tr♦❞✉❝❡❞ ❜② ❲❛♥❦❡ ❬✶✻❪✳ ❚❤✐s ♥♦t✐♦♥ ✐s t✐❣❤t❧② r❡❧❛t❡❞ t♦
❝❧✐q✉❡✲✇✐❞t❤ ✐♥tr♦❞✉❝❡❞ ❜② ❈♦✉r❝❡❧❧❡ ❡t ❛❧✳ ❬✷❪✳ ❇♦t❤ ♣❛r❛♠❡t❡rs ✇❡r❡ ✐♥tr♦❞✉❝❡❞ t♦ ❣❡♥❡r❛❧✐s❡
t❤❡ ✇❡❧❧ ❦♥♦✇♥ tr❡❡✲✇✐❞t❤✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥ ♦♥ r❡s❡❛r❝❤ ❛❜♦✉t s✉❝❤ ✇✐❞t❤ ♣❛r❛♠❡t❡r ✐s t❤❛t✱
✇❤❡♥ t❤❡ ✇✐❞t❤ ✭◆▲❈✲✱ ❝❧✐q✉❡✲ ♦r tr❡❡✲✇✐❞t❤✮ ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t✱ t❤❡♥ ♠❛♥② ◆P✲❝♦♠♣❧❡t❡
♣r♦❜❧❡♠s ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ ✭❡✈❡♥ ❧✐♥❡❛r✮ t✐♠❡✱ ✐❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♣r♦✈✐❞❡❞✳
❙✉❝❤ ♣❛r❛♠❡t❡rs ❣✐✈❡ ✐♥s✐❣❤ts ♦♥ ❣r❛♣❤ str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✜♥❞✐♥❣ t❤❡
♠✐♥✐♠✉♠ ◆▲❈✲✇✐❞t❤ ♦❢ t❤❡ ❣r❛♣❤ ✇❛s s❤♦✇♥ t♦ ❜❡ ◆P✲❤❛r❞ ❜② ●✉rs❦✐ ❡t ❛❧✳ ❬✶✷❪✳ ❙♦♠❡ r❡s✉❧ts
❤♦✇❡✈❡r ❛r❡ ❦♥♦✇♥✳ ▲❡t ◆▲❈✲k ❜❡ t❤❡ ❝❧❛ss ♦❢ ❣r❛♣❤ ♦❢ ◆▲❈ ✇✐❞t❤ ❜♦✉♥❞❡❞ ❜② k✳ ◆▲❈✲✶ ✐s
❡①❛❝t❧② t❤❡ ❝❧❛ss ♦❢ ❝♦❣r❛♣❤s✳ Pr♦❜❡✲❝♦❣r❛♣❤s✱ ❜✐✲❝♦❣r❛♣❤s ❛♥❞ ✇❡❛❦✲❜✐s♣❧✐t ❣r❛♣❤s ❬✾❪ ❜❡❧♦♥❣
t♦ ◆▲❈✲✷✳ ❏♦❤❛♥ss♦♥ ❬✶✹❪ ♣r♦✈❡❞ t❤❛t r❡❝♦❣♥✐s✐♥❣ ◆▲❈✲✷ ❣r❛♣❤s ✐s ♣♦❧②♥♦♠✐❛❧ ❛♥❞ ♣r♦✈✐❞❡❞ ❛♥
O(n4 log(n)) r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❈♦♠♣❧❡①✐t② ❢♦r r❡❝♦❣♥✐t✐♦♥ ♦❢ ◆▲❈✲k✱ k ≥ 3✱ ✐s st✐❧❧ ✉♥❦♥♦✇♥✳
■♥ t❤✐s ♣❛♣❡r ✇❡ ✐♠♣r♦✈❡ ❏♦❤❛♥ss♦♥✬s r❡s✉❧t ❞♦✇♥ t♦ O(n2m)✳ ❖✉r ❛♣♣r♦❛❝❤ r❡❧✐❡s ♦♥ ❣r❛♣❤
❞❡❝♦♠♣♦s✐t✐♦♥s✳ ❲❡ ❡st❛❜❧✐s❤ t❤❡ t✐❣❤t ❧✐♥❦s t❤❛t ❡①✐st ❜❡t✇❡❡♥ ◆▲❈✲✷ ❣r❛♣❤s ❛♥❞ t❤❡ s♦✲❝❛❧❧❡❞
♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥✱ s♣❧✐t ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❛♥❞ ❜✐✲❥♦✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥✳
◆▲❈✲✷ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❛ ❣r❛♣❤ ❝♦❧♦✉r✐♥❣ ♣r♦❜❧❡♠✳ ❯♥❧✐❦❡ ◆▲❈✲k ❝❧❛ss❡s✱ ❢♦r k ≥ 3✱
r❡❝♦❧♦✉r✐♥❣ ✐s ✉s❡❧❡ss ❢♦r ♣r✐♠❡ ◆▲❈✲✷ ❣r❛♣❤s✳ ❚❤❛t ❛❧❧♦✇ ✉s t♦ ♣r♦♣♦s❡ ❛ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ ❜✐✲❝♦❧♦✉r❡❞ ◆▲❈✲✷ ❣r❛♣❤s✱ ❞❡✜♥❡❞ ❛s ❝❡rt❛✐♥ ❜✐✲❝♦❧♦✉r❡❞ s♣❧✐t ♦♣❡r❛t✐♦♥s✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥
❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ O(nm) t✐♠❡ ✐❢ t❤❡ ❝♦❧♦✉r✐♥❣ ✐s ♣r♦✈✐❞❡❞✳ ■❢ ❛ ❣r❛♣❤ ✐s ♣r✐♠❡✱ t❤❡r❡ ✉s✐♥❣
s♣❧✐t ❛♥❞ ❜✐✲❥♦✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥s✱ ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛t ♠♦st O(n) ❝♦❧♦✉r✐♥❣s t♦ ❝❤❡❝❦✳ ❋✐♥❛❧❧②✱
♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r♦♣❡rt✐❡s ❛❧❧♦✇ t♦ r❡❞✉❝❡ ◆▲❈✲✷ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥ t♦ ♣r✐♠❡ ◆▲❈✲✷
❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❙❡❝t✐♦♥ ✸ ❡①♣❧❛✐♥s t❤✐s O(n2m)✲t✐♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠✳
■♥ ❙❡❝t✐♦♥ ✹ ✐s ♣r♦♣♦s❡❞ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛❧❣♦r✐t❤♠✳ ❯s✐♥❣ ♠♦❞✉❧❛r✱ s♣❧✐t ❛♥❞ ❜✐✲❥♦✐♥ ❞❡❝♦♠✲
♣♦s✐t✐♦♥s ❛♥❞ t❤❡ ❝❛♥♦♥✐❝❛❧ ◆▲❈✲✷ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t✇♦ ◆▲❈✲✷ ❣r❛♣❤s ❝❛♥
❜❡ t❡st❡❞ ✐♥ O(n2m) t✐♠❡✳
✷ Pr❡❧✐♠✐♥❛r✐❡s
❆ ❣r❛♣❤ G = (V,E) ✐s ♣❛✐r ♦❢ ❛ s❡t ♦❢ ✈❡rt✐❝❡s V ❛♥❞ ❛ s❡t ♦❢ ❡❞❣❡s E✳ ❋♦r ❛ ❣r❛♣❤ G✱ V (G) ❞❡♥♦t❡
✐ts s❡t ♦❢ ✈❡rt✐❝❡s✱ E(G) ✐ts s❡t ♦❢ ❡❞❣❡s✱ n(G) = |V (G)| ❛♥❞ m(G) = |E(G)| ✭♦r V ✱ E✱ n ❛♥❞ m ✐❢
✶▲■❆❋❆✱ ❯♥✐✈❡rs✐té P❛r✐s ✼✳ ④❧✐♠♦✉③②✱❢♠✱r❛♦⑥❅❧✐❛❢❛✳❥✉ss✐❡✉✳❢r✳ ❘❡s❡❛r❝❤ s✉♣♣♦rt❡❞ ❜② t❤❡ ❋r❡♥❝❤ ❆◆❘
♣r♦❥❡❝t ✏●r❛♣❤ ❉❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❆❧❣♦r✐t❤♠s ✭●❘❆❆▲✮✑
✶
t❤❡ ❣r❛♣❤ ✐s ❝❧❡❛r ✐♥ t❤❡ ❝♦♥t❡①t✮✳ N(x) = {y ∈ V : {x, y} ∈ E} ❞❡♥♦t❡s t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡
✈❡rt❡① x✱ ❛♥❞ N [x] = N(v)∪{v}✳ ❋♦r W ⊆ V ✱ G[W ] = (W,E ∩W 2) ❞❡♥♦t❡ t❤❡ ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜②
W ✳ ▲❡t A ❛♥❞ B ❜❡ t✇♦ ❞✐s❥♦✐♥t s✉❜s❡ts ♦❢ V ✳ ❚❤❡♥ ✇❡ ♥♦t❡ A ✶© B ✐❢ ❢♦r ❛❧❧ (a, b) ∈ A×B✱ t❤❡♥
{a, b} ∈ E✱ ❛♥❞ ✇❡ ♥♦t❡ A ✵© B ✐❢ ❢♦r ❛❧❧ (a, b) ∈ A×B✱ t❤❡♥ {a, b} 6∈ E✳ ❚✇♦ ❣r❛♣❤s G = (V,E)
❛♥❞ G′ = (V ′, E′) ❛r❡ ✐s♦♠♦r♣❤✐❝ ✭♥♦t❡❞ G ≃ G′✮ ✐❢ t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ϕ : V → V ′ s✉❝❤ t❤❛t
{x, y} ∈ E ⇔ {ϕ(x), ϕ(y)} ∈ E′✱ ❢♦r ❛❧❧ u, v ∈ V ✳
❆ k✲❧❛❜❡❧❧✐♥❣ ✭♦r ❧❛❜❡❧❧✐♥❣✮ ✐s ❛ ❢✉♥❝t✐♦♥ l : V → {1, . . . , k}✳ ❆ k✲❧❛❜❡❧❧❡❞ ❣r❛♣❤ ✐s ❛ ♣❛✐r
♦❢ ❛ ❣r❛♣❤ G = (V,E) ❛♥❞ ❛ k✲❧❛❜❡❧❧✐♥❣ l ♦♥ V ✳ ■t ✐s ❞❡♥♦t❡❞ ❜② (G, l) ♦r ❜② (V,E, l)✳ ❚✇♦
❧❛❜❡❧❧❡❞ ❣r❛♣❤s (V,E, l) ❛♥❞ (V ′, E′, l′) ❛r❡ ✐s♦♠♦r♣❤✐❝ ✐❢ t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ϕ : V → V ′ s✉❝❤
t❤❛t {u, v} ∈ E ⇔ {ϕ(x), ϕ(y)} ∈ E′ ❛♥❞ l(u) = l′(ϕ(u)) ❢♦r ❛❧❧ u, v ∈ V ✳
◆▲❈✲k ❝❧❛ss❡s✳ ▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❚❤❡ ❝❧❛ss ♦❢ ◆▲❈✲k ❣r❛♣❤s ✐s ❞❡✜♥❡❞ r❡❝✉rs✐✈❡❧②
❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥s✳
• ❋♦r ❛❧❧ i ∈ {1, . . . , k}✱ ·(i) ✐s ✐♥ ◆▲❈✲k✱ ✇❤❡r❡ ·(i) ✐s t❤❡ ❣r❛♣❤ ✇✐t❤ ♦♥❡ ✈❡rt❡① ❧❛❜❡❧❧❡❞ i✳
• ▲❡t G1 = (V1, E1, l1) ❛♥❞ G2 = (V2, E2, l2) ❜❡ ◆▲❈✲k ❛♥❞ ❧❡t S ⊆ {1, . . . , k}
2✳ ❚❤❡♥
G1 ×S G2 ✐s ✐♥ ◆▲❈✲k✱ ✇❤❡r❡ G1 ×S G2 = (V,E, l) ✇✐t❤ V = V1 ∪ V2✱
E = E1 ∪ E2 ∪ {{u, v} : u ∈ V1, v ∈ V2, (l1(u), l2(v)) ∈ S}
❛♥❞ ❢♦r ❛❧❧ u ∈ V ✱ l(u) =
{
l1(u) ✐❢ u ∈ V1
l2(u) ✐❢ u ∈ V2✳
• ▲❡t R : {1, . . . , k} → {1, . . . , k} ❛♥❞ G = (V,E, l) ❜❡ ◆▲❈✲k✳ ❚❤❡♥ ρR(G) ✐s ✐♥ ◆▲❈✲k✱
✇❤❡r❡ ρR(G) = (V,E, l
′) s✉❝❤ t❤❛t l′(u) = R(l(u)) ❢♦r ❛❧❧ u ∈ V ✳
❆ ❣r❛♣❤ ✐s ◆▲❈✲k ✐❢ t❤❡r❡ ✐s ❛ k✲❧❛❜❡❧❧✐♥❣ ♦❢ G s✉❝❤ t❤❛t (G, l) ✐s ✐♥ ◆▲❈✲k✳ ❆ k✲❧❛❜❡❧❧❡❞ ❣r❛♣❤
✐s ◆▲❈✲k ρ✲❢r❡❡ ✐❢ ✐t ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✇✐t❤♦✉t t❤❡ ρR ♦♣❡r❛t✐♦♥✳
▼♦❞✉❧❡s ❛♥❞ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❆ ♠♦❞✉❧❡ ✐♥ ❛ ❣r❛♣❤ ✐s ❛ ♥♦♥✲❡♠♣t② s✉❜s❡t X ⊆ V
s✉❝❤ t❤❛t ❢♦r ❛❧❧ u ∈ V \ X✱ t❤❡♥ ❡✐t❤❡r N(u) ∩ X = ∅ ♦r X ⊆ N(u)✳ ❆ ♠♦❞✉❧❡ ✐s tr✐✈✐❛❧ ✐❢
|X| ∈ {1, |V |}✳ ❆ ❣r❛♣❤ ✐s ♣r✐♠❡ ✭✇✳r✳t✳ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥✮ ✐❢ ❛❧❧ ✐ts ♠♦❞✉❧❡s ❛r❡ tr✐✈✐❛❧✳
❚✇♦ s❡ts X ❛♥❞ X ′ ♦✈❡r❧❛♣ ✐❢ X ∩X ′✱X \X ′ ❛♥❞ X ′ \X ❛r❡ ♥♦♥✲❡♠♣t②✳ ❆ ♠♦❞✉❧❡ X ✐s str♦♥❣
✐❢ t❤❡r❡ ✐s ♥♦ ♠♦❞✉❧❡ X ′ s✉❝❤ t❤❛t X ❛♥❞ X ′ ♦✈❡r❧❛♣✳ ▲❡t M′(G) ❜❡ t❤❡ s❡t ♦❢ ♠♦❞✉❧❡s✱ ❧❡t
M(G) ❜❡ t❤❡ s❡t ♦❢ str♦♥❣ ♠♦❞✉❧❡s ♦❢ G✱ ❛♥❞ ❧❡t P(G) = {M1, . . . ,Mk} ❜❡ t❤❡ ♠❛①✐♠❛❧ ✭✇✳r✳t✳
✐♥❝❧✉s✐♦♥✮ ♠❡♠❜❡rs ♦❢ M(G) \ {V }✳
❚❤❡♦r❡♠ ✶✳ ❬✶✶❪ ▲❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤ s✉❝❤ t❤❛t |V | ≥ 2✳ ❚❤❡♥✿
• ✐❢ G ✐s ♥♦t ❝♦♥♥❡❝t❡❞✱ t❤❡♥ P(G) ✐s t❤❡ s❡t ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G✱
• ✐❢ G ✐s ♥♦t ❝♦♥♥❡❝t❡❞✱ t❤❡♥ P(G) ✐s t❤❡ s❡t ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G✱
• ✐❢ G ❛♥❞ G ❛r❡ ❝♦♥♥❡❝t❡❞✱ t❤❡♥ P(G) ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ V ❛♥❞ ✐s ❢♦r♠❡❞ ✇✐t❤ t❤❡ ♠❛①✐♠❛❧
♠❡♠❜❡rs ♦❢ M′ \ {V }✳
■♥ ❛❧❧ ❝❛s❡s✱ P(G) ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ V ✱ ❛♥❞ G ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ G[M1], . . . , G[Mk]✳ ❚❤❡
❝❤❛r❛❝t❡r✐st✐❝ ❣r❛♣❤ G∗ ♦❢ ❛ ❣r❛♣❤ G ✐s t❤❡ ❣r❛♣❤ ♦❢ ✈❡rt❡① s❡t P(G) ❛♥❞ t✇♦ P, P ′ ∈ P(G)
❛r❡ ❛❞❥❛❝❡♥t ✐❢ t❤❡r❡ ✐s ❛♥ ❡❞❣❡ ❜❡t✇❡❡♥ P ❛♥❞ P ′ ✐♥ G ✭❛♥❞ s♦ t❤❡r❡ ✐s ♥♦ ♥♦♥✲❡❞❣❡s s✐♥❝❡
P ❛♥❞ P ′ ❛r❡ t✇♦ ♠♦❞✉❧❡s✮✳ ❚❤❡ r❡❝✉rs✐✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❣r❛♣❤ ❜② t❤✐s ♦♣❡r❛t✐♦♥ ❣✐✈❡s
t❤❡ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤✱ ❛♥❞ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ r♦♦t❡❞ tr❡❡✱ ❝❛❧❧❡❞ t❤❡
✷
♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡✳ ■t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❧✐♥❡❛r t✐♠❡ ❬✶✺❪✳ ❚❤❡ ♥♦❞❡s ♦❢ t❤❡ ♠♦❞✉❧❛r
❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ❛r❡ ❡①❛❝t❧② t❤❡ str♦♥❣ ♠♦❞✉❧❡s✱ s♦ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ♠❛❦❡ ♥♦ ❞✐st✐♥❝t✐♦♥
❜❡t✇❡❡♥ t❤❡ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ G ❛♥❞ M(G)✳ ◆♦t❡ t❤❛t |M(G)| ≤ 2 × n − 1✳ ❋♦r
M ∈M(G)✱ ❧❡t GM = G[M ] ❛♥❞ G
∗
M ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ❣r❛♣❤✳
▲❡♠♠❛ ✷✳ ❬✶✹❪ ▲❡t G ❜❡ ❛ ❣r❛♣❤✳ G ✐s ◆▲❈✲k ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✈❡r② ❝❤❛r❛❝t❡r✐st✐❝ ❣r❛♣❤ ✐♥ t❤❡
♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ G ✐s ◆▲❈✲k✳
▼♦r❡♦✈❡r✱ ❛ ◆▲❈✲k ❡①♣r❡ss✐♦♥ ❢♦rG ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥
❛♥❞ ❢r♦♠ ◆▲❈✲k ❡①♣r❡ss✐♦♥s ♦❢ ♣r✐♠❡ ❣r❛♣❤s✳ ❖♥ ♣r✐♠❡ ❣r❛♣❤s✱ ◆▲❈✲✷ r❡❝♦❣♥✐t✐♦♥ ✐s ❡❛s✐❡r✿
▲❡♠♠❛ ✸✳ ❬✶✹❪ ▲❡t G ❜❡ ❛ ♣r✐♠❡ ❣r❛♣❤✳ ❚❤❡♥ G ✐s ◆▲❈✲✷ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ 2✲❧❛❜❡❧❧✐♥❣ l
s✉❝❤ t❤❛t (G, l) ✐s ◆▲❈✲✷ ρ✲❢r❡❡✳
❇✐✲♣❛rt✐t✐✈❡ ❢❛♠✐❧②✳ ❆ ❜✐♣❛rt✐t✐♦♥ ♦❢ V ✐s ❛ ♣❛✐r {X,Y } s✉❝❤ t❤❛t X ∩ Y = ∅✱ X ∪ Y = V
❛♥❞ X ❛♥❞ Y ❛r❡ ❜♦t❤ ♥♦♥ ❡♠♣t②✳ ❚✇♦ ❜✐♣❛rt✐t✐♦♥s {X,Y } ❛♥❞ {X ′, Y ′} ♦✈❡r❧❛♣ ✐❢ X ∩ Y ✱
X ∩ Y ′✱ X ′ ∩ Y ❛♥❞ X ′ ∩ Y ′ ❛r❡ ♥♦♥ ❡♠♣t②✳ ❆ ❢❛♠✐❧② F ♦❢ ❜✐♣❛rt✐t✐♦♥s ♦❢ V ✐s ❜✐♣❛rt✐t✐✈❡ ✐❢ ✭✶✮
❢♦r ❛❧❧ v ∈ V ✱ {{v}, V \ {v}} ∈ F ❛♥❞ ✭✷✮ ❢♦r ❛❧❧ {X,Y } ❛♥❞ {X ′, Y ′} ✐♥ F s✉❝❤ t❤❛t {X,Y } ❛♥❞
{X ′, Y ′} ♦✈❡r❧❛♣✱ t❤❡♥ {X ∩X ′, Y ∪ Y ′}✱ {X ∩ Y ′, Y ∪X ′}✱ {Y ∩X ′, X ∪ Y ′}✱ {Y ∩ Y ′, X ∪X ′}
❛♥❞ {X∆X ′, X∆Y ′} ❛r❡ ✐♥ F ✭✇❤❡r❡ X∆Y = (X \ Y ) ∪ (Y \X)✮✳ ❇✐♣❛rt✐t✐✈❡ ❢❛♠✐❧✐❡s ❛r❡ ✈❡r②
❝❧♦s❡ t♦ ♣❛rt✐t✐✈❡ ❢❛♠✐❧✐❡s ❬✶❪✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐s❡ ♣r♦♣❡rt✐❡s ♦❢ ♠♦❞✉❧❡s ✐♥ ❛ ❣r❛♣❤✳
❆ ♠❡♠❜❡r {X,Y } ♦❢ ❛ ❜✐♣❛rt✐t✐✈❡ ❢❛♠✐❧② F ✐s str♦♥❣ ✐❢ t❤❡r❡ ✐s ♥♦ {X ′, Y ′} s✉❝❤ t❤❛t {X,Y }
❛♥❞ {X ′, Y ′} ♦✈❡r❧❛♣✳ ▲❡t T ❜❡ ❛ tr❡❡✳ ❋♦r ❛♥ ❡❞❣❡ e ✐♥ t❤❡ tr❡❡✱ {C1e , C
2
e} ❞❡♥♦t❡ t❤❡ ❜✐♣❛rt✐t✐♦♥
♦❢ ❧❡❛✈❡s ♦❢ T s✉❝❤ t❤❛t t✇♦ ❧❡❛✈❡s ❛r❡ ✐♥ t❤❡ s❛♠❡ s❡t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣❛t❤ ❜❡t✇❡❡♥ t❤❡♠ ❛✈♦✐❞s
e✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛♥ ✐♥t❡r♥❛❧ ♥♦❞❡ α✱ {C1α, . . . , C
d(α)
α } ❞❡♥♦t❡ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ ❧❡❛✈❡s ♦❢ T s✉❝❤ t❤❛t
t✇♦ ❧❡❛✈❡s ❛r❡ ✐♥ t❤❡ s❛♠❡ s❡t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣❛t❤ ❜❡t✇❡❡♥ t❤❡♠ ❛✈♦✐❞ α✳
❚❤❡♦r❡♠ ✹✳ ❬✸❪ ▲❡t F ❜❡ ❛ ❜✐♣❛rt✐t✐✈❡ ❢❛♠✐❧② ♦♥ V ✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ✉♥✐q✉❡ ✉♥r♦♦t❡❞ tr❡❡ T ✱
❝❛❧❧❡❞ t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ tr❡❡ ♦❢ F ✱ s✉❝❤ t❤❛t t❤❡ s❡t ♦❢ ❧❡❛✈❡s ♦❢ T ✐s V ✱ t❤❡ ✐♥t❡r♥❛❧ ♥♦❞❡s ♦❢ T
❛r❡ ❧❛❜❡❧❧❡❞ ❞❡❣❡♥❡r❛t❡ ♦r ♣r✐♠❡✱ ❛♥❞
✲ ❢♦r ❡✈❡r② ❡❞❣❡ e ♦❢ T ✱ {C1e , C
2
e} ✐s ❛ str♦♥❣ ♠❡♠❜❡r ♦❢ F ✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ♦t❤❡r str♦♥❣
♠❡♠❜❡r ✐♥ F ✱
✲ ❢♦r ❡✈❡r② ♥♦❞❡ α ❧❛❜❡❧❧❡❞ ❞❡❣❡♥❡r❛t❡✱ ❛♥❞ ❢♦r ❡✈❡r② ∅ ( I ( {1, . . . , d(α)}✱
{∪i∈IC
i
α, V \ ∪i∈IC
i
α} ✐s ✐♥ F ✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ♦t❤❡r ♠❡♠❜❡r ✐♥ F ✳
❙♣❧✐t ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❆ s♣❧✐t ✐♥ ❛ ❣r❛♣❤ G = (V,E) ✐s ❛ ❜✐♣❛rt✐t✐♦♥ {X,Y } ♦❢ V s✉❝❤ t❤❛t
t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ✐♥ X ❤❛✈✐♥❣ ❛ ♥❡✐❣❤❜♦✉r ✐♥ Y ❤❛✈❡ t❤❡ s❛♠❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ✐♥ Y ✭✐✳❡✳✱ ❢♦r ❛❧❧
u, v ∈ X s✉❝❤ t❤❛t N(u)∩ Y 6= ∅ ❛♥❞ N(v)∩ Y 6= ∅✱ t❤❡♥ N(u)∩ Y = N(v)∩ Y ✮✳ ❆ ❝♦✲s♣❧✐t ✐♥ ❛
❣r❛♣❤ G ✐s ❛ s♣❧✐t ✐♥ G✳ ❚❤❡ ❢❛♠✐❧② ♦❢ s♣❧✐t ✐♥ ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✐s ❛ ❜✐♣❛rt✐t✐✈❡ ❢❛♠✐❧② ❬✹❪✳ ❚❤❡
s♣❧✐t ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ✐s t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ tr❡❡ ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ s♣❧✐ts✱ ❛♥❞ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥
❧✐♥❡❛r t✐♠❡ ❬✺❪✳ ▲❡t α ❜❡ ❛♥ ✐♥t❡r♥❛❧ ♥♦❞❡ ♦❢ t❤❡ s♣❧✐t ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤
G✳ ❋♦r ❛❧❧ i ∈ {1, . . . , d(α)} ❧❡t vi ∈ C
i
α s✉❝❤ t❤❛t N(vi) \ C
i
α 6= ∅✳ ❙✐♥❝❡ G ✐s ❝♦♥♥❡❝t❡❞✱ s✉❝❤ ❛
vi ❛❧✇❛②s ❡①✐sts✳ G[{v1, . . . , vd(α)}] ❞❡♥♦t❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❣r❛♣❤ ♦❢ α✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❣r❛♣❤
♦❢ ❛ ❞❡❣❡♥❡r❛t❡ ♥♦❞❡ ✐s ❛ ❝♦♠♣❧❡t❡ ❣r❛♣❤ ♦r ❛ st❛r ❬✹❪✳
❇✐✲❥♦✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❆ ❜✐✲❥♦✐♥ ✐♥ ❛ ❣r❛♣❤ ✐s ❛ ❜✐♣❛rt✐t✐♦♥ {X,Y } s✉❝❤ t❤❛t ❢♦r ❛❧❧ u, v ∈ X✱
{N(u)∩Y, Y \N(u)} = {N(v)∩Y, Y \N(v)}✳ ❚❤❡ ❢❛♠✐❧② ♦❢ ❜✐✲❥♦✐♥s ✐♥ ❛ ❣r❛♣❤ ✐s ❜✐♣❛rt✐t✐✈❡✳ ❚❤❡
❜✐✲❥♦✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ✐s t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ tr❡❡ ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ ❜✐✲❥♦✐♥s✱ ❛♥❞ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
✐♥ ❧✐♥❡❛r t✐♠❡ ❬✼✱ ✽❪✳ ▲❡t α ❜❡ ❛♥ ✐♥t❡r♥❛❧ ♥♦❞❡ ♦❢ t❤❡ ❜✐✲❥♦✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ ❛ ❣r❛♣❤ G✳
❋♦r ❛❧❧ i ∈ {1, . . . , d(α)} ❧❡t vi ∈ C
i
α✳ G[{v1, . . . , vd(α)}] ❞❡♥♦t❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❣r❛♣❤ ♦❢ α✳ ❚❤❡
❝❤❛r❛❝t❡r✐st✐❝ ❣r❛♣❤ ♦❢ ❛ ❞❡❣❡♥❡r❛t❡ ♥♦❞❡ ✐s ❛ ❝♦♠♣❧❡t❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ ♦r ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢
t✇♦ ❝♦♠♣❧❡t❡ ❣r❛♣❤s ❬✼✱ ✽❪✳
✸
Module Split Co-splitBi-join
❋✐❣✉r❡ ✶✿ ❆ ♠♦❞✉❧❡✱ ❛ ❜✐✲❥♦✐♥✱ ❛ s♣❧✐t ❛♥❞ ❛ ❝♦✲s♣❧✐t
✸ ❘❡❝♦❣♥✐t✐♦♥ ♦❢ ◆▲❈✲✷ ❣r❛♣❤s
✸✳✶ ◆▲❈✲✷ ρ✲❢r❡❡ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥
■♥ t❤✐s s❡❝t✐♦♥✱ G = (V,E, l) ✐s ❛ ✷✲❧❛❜❡❧❧❡❞ ❣r❛♣❤ s✉❝❤ t❤❛t ❡✈❡r② ♠♦♥♦✲❝♦❧♦✉r❡❞ ♠♦❞✉❧❡ ✭✐✳❡✳ ❛
♠♦❞✉❧❡ M s✉❝❤ t❤❛t ∀v, v′ ∈M ✱ l(v) = l(v′)✮ ❤❛s s✐③❡ 1✳ ❆ ❝♦✉♣❧❡ (X,Y ) ✐s ❛ ❝✉t ✐❢ X ∪ Y = V ✱
X ∩ Y = ∅✱ X 6= ∅ ❛♥❞ Y 6= ∅✳ ▲❡t S ⊆ {1, 2} × {1, 2}✳ ❆ ❝✉t (X,Y ) ✐s ❛ S✲❝✉t ♦❢ G ✐❢ ❢♦r ❛❧❧
u ∈ X ❛♥❞ v ∈ Y ✱ t❤❡♥ {u, v} ∈ E ✐❢ ❛♥❞ ♦♥❧② ✐❢ (l(u), l(v)) ∈ S✳ ❋♦r S ⊆ {1, 2} × {1, 2} ❧❡t
FS(G) ❜❡ t❤❡ s❡t ♦❢ S✲❝✉t ♦❢ G✳
❉❡✜♥✐t✐♦♥ ✺ ✭❙②♠♠❡tr②✮✳ ❲❡ s❛② t❤❛t S ∈ {1, 2} × {1, 2} ✐s s②♠♠❡tr✐❝ ✐❢ (1, 2) ∈ S ⇐⇒
(2, 1) ∈ S✱ ♦t❤❡r✇✐s❡ ✇❡ s❛② t❤❛t S ✐s ♥♦♥✲s②♠♠❡tr✐❝✳
❉❡✜♥✐t✐♦♥ ✻ ✭❉❡❣❡♥❡r❛t❡ ♣r♦♣❡rt②✮✳ ❆ ❢❛♠✐❧② F ♦❢ ❝✉ts ❤❛s t❤❡ ❞❡❣❡♥❡r❛t❡ ♣r♦♣❡rt② ✐❢ t❤❡r❡ ✐s
❛ ♣❛rt✐t✐♦♥ P ♦❢ V s✉❝❤ t❤❛t ❢♦r ❛❧❧ ∅ ( X ( P✱ (
⋃
X∈X X,
⋃
Y ∈P\X Y ) ✐s ✐♥ F ✱ ❛♥❞ t❤❡r❡ ✐s ♥♦
♦t❤❡rs ❝✉t ✐♥ F ✳
▲❡♠♠❛ ✼✳ ❋♦r ❡✈❡r② s②♠♠❡tr✐❝ S ⊆ {1, 2} × {1, 2}✱ FS(G) ❤❛s t❤❡ ❞❡❣❡♥❡r❛t❡ ♣r♦♣❡rt②✳
Pr♦♦❢✳ ❚❤❡ ❢❛♠✐❧② F{}(G) ❤❛s t❤❡ ❞❡❣❡♥❡r❛t❡ ♣r♦♣❡rt② s✐♥❝❡ (X,Y ) ✐s ❛ {}✲❝✉t ✐❢ ❛♥❞ ♦♥❧② ✐❢
t❤❡r❡ ✐s ♥♦ ❡❞❣❡s ❜❡t✇❡❡♥ X ❛♥❞ Y ✭P ✐s ❡①❛❝t❧② t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✮✳ ❋♦r W ⊆ V ✱ ❧❡t
G|W = (V,E∆W 2, l)✳ ❋♦r i ∈ {1, 2} ❧❡t Vi = {v ∈ V : l(v) = i}✳ ▲❡t G1 = G|V1✱ G2 = G|V2 ❛♥❞
G12 = (G|V1)|V2✳
• F{(1,1)}(G) = F{}(G1)✱ F{(2,2)}(G) = F{}(G2)✱ F{(1,1),(2,2)}(G) = F{}(G12)✱
• F{(1,1),(1,2),(2,1),(2,2)}(G) = F{}(G)✱ F{(1,2),(2,1),(2,2)}(G) = F{}(G1)✱
F{(1,1),(1,2),(2,1)}(G) = F{}(G2)✱ F{(1,2),(2,1)}(G) = F{}(G12)✳
❚❤✉s ❢♦r ❡✈❡r② s②♠♠❡tr✐❝ S ⊆ {1, 2} × {1, 2}✱ FS(G) ❤❛s t❤❡ ❞❡❣❡♥❡r❛t❡ ♣r♦♣❡rt②✳
❉❡✜♥✐t✐♦♥ ✽ ✭▲✐♥❡❛r ♣r♦♣❡rt②✮✳ ❆ ❢❛♠✐❧② F ♦❢ ❝✉ts ❤❛s t❤❡ ❧✐♥❡❛r ♣r♦♣❡rt② ✐❢ ❢♦r ❛❧❧ (X,Y ) ❛♥❞
(X ′, Y ′) ✐♥ F ✱ ❡✐t❤❡r X ⊆ X ′ ♦r X ′ ⊆ X✳
▲❡♠♠❛ ✾✳ ❋♦r ❡✈❡r② ♥♦♥✲s②♠♠❡tr✐❝ S ⊆ {1, 2} × {1, 2}✱ FS(G) ❤❛s t❤❡ ❧✐♥❡❛r ♣r♦♣❡rt②✳
Pr♦♦❢✳ ❈❛s❡ S = {(1, 2)}✿ s✉♣♣♦s❡ t❤❛t X \ X ′ ❛♥❞ X ′ \ X ❛r❡ ❜♦t❤ ♥♦♥✲❡♠♣t②✳ ❚❤❡♥ ✐❢ u ∈
X \X ′ ✐s ❧❛❜❡❧❧❡❞ 1 ❛♥❞ v ∈ X ′ \X ✐s ❧❛❜❡❧❧❡❞ 2✱ u ❛♥❞ v ❤❛s t♦ ❜❡ ❛❞❥❛❝❡♥t ❛♥❞ ♥♦♥✲❛❞❥❛❝❡♥t✱
❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✉s X \X ′ ❛♥❞ X ′ \X ❛r❡ ♠♦♥♦✲❝♦❧♦✉r❡❞✳ ◆♦✇ s✉♣♣♦s❡ ✇✳❧✳♦✳❣✳ t❤❛t ❛❧❧ ✈❡rt✐❝❡s
✐♥ X∆X ′ ❛r❡ ❧❛❜❡❧❧❡❞ 1✳ ❚❤❡♥ X∆X ′ ✐s ❛❞❥❛❝❡♥t t♦ ❛❧❧ ✈❡rt✐❝❡s ❧❛❜❡❧❧❡❞ 2 ✐♥ Y ∩ Y ′ ❛♥❞ ♥♦♥
❛❞❥❛❝❡♥t t♦ ❛❧❧ ✈❡rt✐❝❡s ❧❛❜❡❧❧❡❞ 1 ✐♥ Y ∩ Y ′✳ ▼♦r❡♦✈❡r X∆X ′ ✐s ♥♦♥ ❛❞❥❛❝❡♥t t♦ ❛❧❧ ✈❡rt✐❝❡s ✐♥
X ∩X ′✳ ❚❤✉s X∆X ′ ✐s ❛ ♠♦♥♦✲❝♦❧♦✉r❡❞ ♠♦❞✉❧❡✱ ❛♥❞ |X∆X ′| ≥ 2✳ ❈♦♥tr❛❞✐❝t✐♦♥✳ ❋♦r ♦t❤❡rs
♥♦♥✲s②♠♠❡tr✐❝ S✱ ✇❡ ❜r✐♥❣ ❜❛❝❦ t♦ ❝❛s❡ {(1, 2)} ❧✐❦❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✼✳
✹
■♥♣✉t✿ ❆ 2✲❧❛❜❡❧❧❡❞ ❣r❛♣❤ G = (V,E, l)
❖✉t♣✉t✿ ❆ ◆▲❈✲✷ ρ✲❢r❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡✱ ♦r ❢❛✐❧ ✐❢ G ✐s ♥♦t ◆▲❈✲✷ ρ✲❢r❡❡
✐❢ |V | = 1 t❤❡♥ r❡t✉r♥ t❤❡ ❧❡❛❢ ·(l(v)) ✭✇❤❡r❡ V = {v}✮✶
▲❡t S ❜❡ t❤❡ s❡t ♦❢ s✉❜s❡ts ♦❢ {1, 2} × {1, 2} ❛♥❞ σ ❜❡ t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r ♦❢ S✷
❢♦r❡❛❝❤ S ∈ S ✇✳r✳t✳ σ ❞♦✸
❈♦♠♣✉t❡ PS(G)✱ ❛♥❞ P
′
S(G) ✐❢ S ✐s ♥♦♥✲s②♠♠❡tr✐❝ ✭s❡❡ ❛❧❣♦r✐t❤♠ ✷✮✹
✐❢ |PS(G)| > 1 t❤❡♥✺
❈r❡❛t❡ ❛ ♥❡✇ ×S ♥♦❞❡ β✻
❢♦r❡❛❝❤ P ∈ PS(G) ✭✇✳r✳t✳ P
′
S(G) ✐❢ S ✐s ♥♦♥✲s②♠♠❡tr✐❝✮ ❞♦✼
♠❛❦❡ ◆▲❈✲✷ ρ✲❢r❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ G[P ] ❜❡ ❛ ❝❤✐❧❞ ♦❢ β✳✽
r❡t✉r♥ t❤❡ tr❡❡ r♦♦t❡❞ ❛t β✾
❡❧s❡✶✵
❢❛✐❧ ✇✐t❤ ◆♦t ◆▲❈✲✷ ρ✲❢r❡❡✶✶
❆❧❣♦r✐t❤♠ ✶✿ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ◆▲❈✲✷ ρ✲❢r❡❡ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡
❋♦r S ⊆ {1, 2} × {1, 2}✱ ❧❡t PS(G) ❞❡♥♦t❡ t❤❡ ✉♥✐q✉❡ ♣❛rt✐t✐♦♥ ♦❢ V s✉❝❤ t❤❛t ✭✶✮ ❢♦r ❛❧❧
(X,Y ) ∈ FS(G) ❛♥❞ P ∈ PS(G)✱ P ⊆ X ♦r P ⊆ Y ✱ ❛♥❞ ✭✷✮ ❢♦r ❛❧❧ P, P
′ ∈ P✱ P 6= P ′✱ t❤❡r❡ ✐s
❛ (X,Y ) ∈ FS(G) s✉❝❤ t❤❛t P ⊆ X ❛♥❞ P
′ ⊆ Y ✱ ♦r P ⊆ Y ❛♥❞ P ′ ⊆ X✳ ❋♦r ❛ ♥♦♥✲s②♠♠❡tr✐❝
S ∈ {1, 2} × {1, 2}✱ ❧❡t P ′S(G) = (P1, . . . , Pk) ❞❡♥♦t❡ t❤❡ ✉♥✐q✉❡ ♦r❞❡r✐♥❣ ♦❢ ❡❧❡♠❡♥ts ✐♥ PS(G)
s✉❝❤ t❤❛t ❢♦r ❛❧❧ (X,Y ) ∈ FS(G)✱ t❤❡r❡ ✐s ❛ l s✉❝❤ t❤❛t X = ∪i∈{1,...,l}Pi✳
▲❡♠♠❛ ✶✵✳ ■❢ G ✐s ✐♥ ◆▲❈✲✷ ρ✲❢r❡❡✱ t❤❡♥ t❤❡r❡ ✐s ❛ S ⊆ {1, 2} × {1, 2} s✉❝❤ t❤❛t FS(G) ✐s
♥♦♥✲❡♠♣t②✳
Pr♦♦❢✳ ■❢ G ✐s ◆▲❈✲✷ ρ✲❢r❡❡✱ t❤❡♥ t❤❡r❡ ✐s ❛ S ⊆ {1, 2} × {1, 2}✱ ❛♥❞ t✇♦ ❣r❛♣❤s G1 ❛♥❞ G2 s✉❝❤
t❤❛t G = G1 ×S G2✳ ❚❤✉s (V (G1), V (G2)) ∈ FS(G) ❛♥❞ FS(G) ✐s ♥♦♥ ❡♠♣t②✳
▲❡♠♠❛ ✶✶✳ ▲❡t G = (V,E, l) ✷✲❧❛❜❡❧❧❡❞ ❣r❛♣❤ ❛♥❞ ❧❡t S ⊆ {1, 2} × {1, 2}✳ ■❢ G ✐s ◆▲❈✲✷ ρ✲❢r❡❡
❛♥❞ ❤❛s ♥♦ ♠♦♥♦✲❝♦❧♦✉r❡❞ ♥♦♥✲tr✐✈✐❛❧ ♠♦❞✉❧❡✱ t❤❡♥ ❢♦r ❛❧❧ P ∈ PS(G)✱ G[P ] ❤❛s ♥♦ ♠♦♥♦✲❝♦❧♦✉r❡❞
♥♦♥✲tr✐✈✐❛❧ ♠♦❞✉❧❡✳
Pr♦♦❢✳ ■❢ M ✐s ❛ ♠♦♥♦✲❝♦❧♦✉r❡❞ ♠♦❞✉❧❡ ♦❢ G[P ]✱ t❤❡♥ M ✐s ❛ ♠♦♥♦✲❝♦❧♦✉r❡❞ ♠♦❞✉❧❡ ♦❢ G✳ ❈♦♥✲
tr❛❞✐❝t✐♦♥✳
▲❡♠♠❛ ✶✷✳ ▲❡t G = (V,E, l) ✷✲❧❛❜❡❧❧❡❞ ❣r❛♣❤ ❛♥❞ ❧❡t S ⊆ {1, 2} × {1, 2}✳ ❚❤❡♥ G ✐s ◆▲❈✲✷
ρ✲❢r❡❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❛❧❧ P ∈ PS(G)✱ G[P ] ✐s ◆▲❈✲✷ ρ✲❢r❡❡✳
Pr♦♦❢✳ ❚❤❡ ✏♦♥❧② ✐❢✑ ✐s ✐♠♠❡❞✐❛t❡✳ ◆♦✇ s✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ P ∈ PS(G)✱ G[P ] ✐s ◆▲❈✲✷ ρ✲❢r❡❡✳ ■❢
S ✐s s②♠♠❡tr✐❝✱ ❧❡t PS(G) = {P1, . . . , P|PS(G)|}✳ ❚❤❡♥ G = ((G[P1]×SG[P2])×S . . .×SG[P|PS(G)|]✱
❛♥❞ G ✐s ◆▲❈✲✷ ρ✲❢r❡❡✳ ❖t❤❡r✇✐s❡✱ ✐❢ S ✐s ♥♦♥✲s②♠♠❡tr✐❝✱ ❧❡t P ′S(G) = (P1, . . . , P|PS(G)|)✳ ❚❤❡♥
G = ((G[P1]×S G[P2])×S . . .×S G[P|PS(G)|]✱ ❛♥❞ G ✐s ◆▲❈✲✷ ρ✲❢r❡❡✳
❚❤❡ ◆▲❈✲✷ ρ✲❢r❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ ❛ 2✲❧❛❜❡❧❧❡❞ ❣r❛♣❤ G ✐s ❛ r♦♦t❡❞ tr❡❡ s✉❝❤ t❤❛t t❤❡
❧❡❛✈❡s ❛r❡ t❤❡ ✈❡rt✐❝❡s ♦❢ G✱ ❛♥❞ t❤❡ ✐♥t❡r♥❛❧ ♥♦❞❡s ❛r❡ ❧❛❜❡❧❧❡❞ ❜② ×S ✱ ✇✐t❤ S ⊆ {1, 2} × {1, 2}✳
❆♥ ✐♥t❡r♥❛❧ ♥♦❞❡ ✐s ❞❡❣❡♥❡r❛t❡❞ ✐❢ S ✐s s②♠♠❡tr✐❝✱ ❛♥❞ ❧✐♥❡❛r ✐❢ S ✐s ♥♦♥✲s②♠♠❡tr✐❝✳ ❇②
❧❡♠♠❛s ✶✵✱ ✶✶ ❛♥❞ ✶✷✱ G ✐s ◆▲❈✲✷ ρ✲❢r❡❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❤❛s ❛ ◆▲❈✲✷ ρ✲❢r❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡✳
❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ✐s ♥♦t ✉♥✐q✉❡✳ ❇✉t ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ✐❢ ✇❡ ✜①
❛ t♦t❛❧ ♦r❞❡r ♦♥ t❤❡ s✉❜s❡ts ♦❢ {1, 2}×{1, 2} ✭❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r✮✳ ■❢ t✇♦ ❣r❛♣❤s
❛r❡ ✐s♦♠♦r♣❤✐❝✱ t❤❡♥ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡✳ ❆❧❣♦r✐t❤♠ ✶ ❝♦♠♣✉t❡s
t❤❡ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ ❛ 2✲❧❛❜❡❧❧❡❞ ♣r✐♠❡ ❣r❛♣❤✱ ♦r ❢❛✐❧s ✐❢ G ✐s ♥♦t ◆▲❈✲✷ ρ✲❢r❡❡✳
✺
■♥♣✉t✿ ❆ 2✲❧❛❜❡❧❧❡❞ ❣r❛♣❤ G✱ ❛♥❞ S ⊆ {1, 2} × {1, 2}
❖✉t♣✉t✿ PS ✐❢ S ✐s s②♠♠❡tr✐❝✱ P
′
S ✐❢ S ✐s ♥♦♥✲s②♠♠❡tr✐❝
Vi ← {v : v ∈ V ❛♥❞ l(v) = i} ❀✶
✐❢ (1, 1) ∈ S t❤❡♥ C1 ← ❝♦✲❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G[V1]❀✷
❡❧s❡ C1 ← ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G[V1]❀✸
✐❢ (2, 2) ∈ S t❤❡♥ C2 ← ❝♦✲❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G[V2]❀✹
❡❧s❡ C2 ← ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G[V2]❀✺
B = (C1, C2, Ej , Em) ← t❤❡ ❜✐♣❛rt✐t❡ tr✐❣r❛♣❤ ❜❡t✇❡❡♥ t❤❡ ❡❧❡♠❡♥ts ♦❢ C1 ❛♥❞ C2 ❀✻
✐❢ S ∩ {(1, 2), (2, 1)} = ∅ t❤❡♥✼
r❡t✉r♥ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ (C1, C2, Ej ∪ Em)✽
❡❧s❡ ✐❢ S ∩ {(1, 2), (2, 1)} = {(1, 2), (2, 1)} t❤❡♥✾
r❡t✉r♥ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❜✐✲❝♦♠♣❧❡♠❡♥t ♦❢ (C1, C2, Ej)✶✵
❡❧s❡ ❙❡❛r❝❤ ❛❧❧ s❡♠✐✲❥♦✐♥s ♦❢ B ✭s❡❡ ❛♣♣❡♥❞✐①✮ ❀✶✶
❆❧❣♦r✐t❤♠ ✷✿ ❈♦♠♣✉t❛t✐♦♥ ♦❢ PS ❛♥❞ P
′
S
❆❧❣♦r✐t❤♠ ✷ ❝♦♠♣✉t❡s PS ❛♥❞ P
′
S ❢♦r ❛ 2✲❧❛❜❡❧❧❡❞ ♣r✐♠❡ ❣r❛♣❤ G ❛♥❞ S ⊆ {1, 2} × {1, 2} ✐♥
❧✐♥❡❛r t✐♠❡✳ ❲❡ ♥❡❡❞ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❞❡✜♥✐t✐♦♥s ❢♦r t❤✐s ❛❧❣♦r✐t❤♠ ❛♥❞ ✐ts ♣r♦♦❢ ♦❢ ❝♦rr❡❝t♥❡ss✳ ❆
❜✐♣❛rt✐t❡ ❣r❛♣❤ ✐s ❛ tr✐♣❧❡t (X,Y,E) s✉❝❤ t❤❛t E ⊆ X×Y ✳ ❚❤❡ ❜✐✲❝♦♠♣❧❡♠❡♥t ♦❢ ❛ ❜✐♣❛rt✐t❡ ❣r❛♣❤
(X,Y,E) ✐s t❤❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ (X,Y, (X×Y )\E)✳ ❆ ❜✐♣❛rt✐t❡ tr✐❣r❛♣❤ ✭❇❚✮ ✐s ❛ ❜✐♣❛rt✐t❡ ❣r❛♣❤
✇✐t❤ t✇♦ t②♣❡s ♦❢ ❡❞❣❡s✿ t❤❡ ❥♦✐♥ ❡❞❣❡s ❛♥❞ t❤❡ ♠✐①❡❞ ❡❞❣❡s✳ ■t ✐s ❞❡♥♦t❡❞ ❜② B = (X,Y,Ej , Em)
✇❤❡r❡ Ej ❛r❡ t❤❡ s❡t ♦❢ ❥♦✐♥ ❡❞❣❡s✱ ❛♥❞ Em t❤❡ s❡t ♦❢ ♠✐①❡❞ ❡❞❣❡s✳ ❆ ❇❚✲♠♦❞✉❧❡ ✐♥ ❛ ❇❚
✐s ❛ M ⊆ X ♦r M ⊆ Y s✉❝❤ t❤❛t M ✐s ❛ ♠♦❞✉❧❡ ✐♥ (X,Y,Ej) ❛♥❞ t❤❡r❡ ✐s ♥♦ ♠✐①❡❞ ❡❞❣❡s
❜❡t✇❡❡♥ M ❛♥❞ (X ∪ Y ) \M ✳ ❋♦r v ∈ X ∪ Y ✱ ❧❡t Nj(v) = {u ∈ X ∪ Y : {u, v} ∈ Ej} ❛♥❞
Nm(v) = {u ∈ X ∪ Y : {u, v} ∈ Em}✳ ▲❡t dj(v) = |Nj(v)| ❛♥❞ dm(v) = |Nm(v)|✳ ❆ s❡♠✐✲❥♦✐♥
✐♥ ❛ ❇❚ (X,Y,Ej , Em) ✐s ❛ ❝✉t (A,B) ♦❢ X ∪ Y ✱ s✉❝❤ t❤❛t t❤❡r❡ ✐s ♥♦ ❡❞❣❡s ❜❡t✇❡❡♥ A ∩ Y ❛♥❞
B ∩X✱ ❛♥❞ t❤❡r❡ ✐s ♦♥❧② ❥♦✐♥ ❡❞❣❡s ❜❡t✇❡❡♥ A ∩X ❛♥❞ B ∩ Y ✳
■♥ ❛❧❣♦r✐t❤♠ ✷✱ B ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❣r❛♣❤ G✳ ❱❡rt✐❝❡s ♦❢ X ❝♦rr❡s♣♦♥❞ t♦ s✉❜s❡ts ♦❢ ✈❡rt✐❝❡s
❧❛❜❡❧❧❡❞ 1 ✐♥ G✱ ❛♥❞ ✈❡rt✐❝❡s ♦❢ Y ❝♦rr❡s♣♦♥❞s t♦ s✉❜s❡ts ♦❢ ✈❡rt✐❝❡s ❧❛❜❡❧❧❡❞ 2✳ ❚❤❡r❡ ✐s ❛ ❥♦✐♥
❡❞❣❡ ❜❡t✇❡❡♥ M ❛♥❞ M ′ ✐♥ B ✐❢ M ✶© M ′ ✐♥ G✱ ❛♥❞ t❤❡r❡ ✐s ❛ ♠✐①❡❞ ❡❞❣❡ ❜❡t✇❡❡♥ M ∈ X ❛♥❞
M ′ ∈ Y ✐♥ B ✐❢ t❤❡r❡ ✐s ❛t ❧❡❛st ❛♥ ❡❞❣❡ ❛♥❞ ❛ ♥♦♥✲❡❞❣❡ ❜❡t✇❡❡♥ M ❛♥❞ M ′ ✐♥ G✳ ❙✉❝❤ ❛ ❣r❛♣❤
B ❝❛♥ ❡❛s✐❧② ❜❡ ❜✉✐❧t ✐♥ ❧✐♥❡❛r t✐♠❡ ❢r♦♠ ❛ ❣✐✈❡♥ ❣r❛♣❤ G✳ ■t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r ❛ ❧✐st ❛♥❞ ❛♥
❛rr❛② ❜♦✉♥❞❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥t ✐♥ G ✇✐t❤ t❤❡ s❛♠❡ ❝♦❧♦✉r✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s
❛r❡ ❝❧♦s❡ t♦ ♦❜s❡r✈❛t✐♦♥s ✐♥ ❬✾❪✱ ❜✉t ❞❡❛❧ ✇✐t❤ ❇❚ ✐♥st❡❛❞ ♦❢ ❜✐♣❛rt✐t❡ ❣r❛♣❤s ✭♣r♦♦❢s ❛r❡ ❣✐✈❡♥ ✐♥
❛♣♣❡♥❞✐①✮✳
▲❡♠♠❛ ✶✸✳ ▲❡t G = (X,Y,Ej , Em) ❜❡ ❛ ❇❚ s✉❝❤ t❤❛t ❡✈❡r② ❇❚✲♠♦❞✉❧❡ ❤❛s s✐③❡ 1✳ ▲❡t
(x1, . . . , x|X|) ❜❡ X s♦rt❡❞ ❜② (dj(x), dm(x)) ✐♥ ❧❡①✐❝♦❣r❛♣❤✐❝ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r✳ ■❢ (A,B) ✐s ❛
s❡♠✐✲❥♦✐♥ ♦❢ G✱ t❤❡♥ t❤❡r❡ ✐s ❛ k ∈ {0, . . . , |X|} s✉❝❤ t❤❛t A ∩X = {x1, . . . , xk}✳
▲❡♠♠❛ ✶✹✳ ▲❡t k ∈ {0, . . . , |X|} ❛♥❞ k′ ∈ {0, . . . , |Y |}✳ ❚❤❡♥ (A, (X ∪ Y ) \ A)✱ ✇❤❡r❡ A =
{x1, . . . , xk, y1, . . . , yk′}✱ ✐s ❛ s❡♠✐✲❥♦✐♥ ♦❢ G ✐❢ ❛♥❞ ♦♥❧② ✐❢
∑k
i=1 dj(xi)−
∑k′
i=1 dj(yi) = k×(|Y |−k
′)
❛♥❞
∑k
i=1 dm(xi)−
∑k′
i=1 dm(yi) = 0✳
❚❤❡♦r❡♠ ✶✺✳ ❆❧❣♦r✐t❤♠ ✷ ✐s ❝♦rr❡❝t ❛♥❞ r✉♥s ✐♥ ❧✐♥❡❛r t✐♠❡✳
Pr♦♦❢✳ ❈♦rr❡❝t♥❡ss✿ ❙✉♣♣♦s❡ t❤❛t (A,B) ✐s ❛ S✲❝✉t✳ ■❢ (1, 1) 6∈ S✱ t❤❡♥ t❤❡r❡ ✐s ♥♦ ❡❞❣❡ ❜❡t✇❡❡♥
A∩V1 ❛♥❞ B∩V1✱ t❤✉s (A,B) ❝❛♥♥♦t ❝✉t ❛ ❝♦♠♣♦♥❡♥t C1 ✭❛♥❞ s✐♠✐❧❛r❧② ❢♦r (1, 1) ∈ S✱ ❛♥❞ ❢♦r C2✮✳
◆♦✇ ✇❡ ✇♦r❦ ♦♥ t❤❡ ❇❚ B = (C1, C2, Ej , Em)✳ ■❢ S ∩ {(1, 2), (2, 1)} = ∅✱ t❤❡♥ S✲❝✉ts ❝♦rr❡s♣♦♥❞
❡①❛❝t❧② t♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ B✱ ❛♥❞ ✐❢ S ∩ {(1, 2), (2, 1)} = {(1, 2), (2, 1)} t❤❡♥ S✲❝✉ts
✻
❝♦rr❡s♣♦♥❞ ❡①❛❝t❧② t♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❇❚ ♦❢ G✱ ✇❤✐❝❤ ✐s (C1, C2, (C1 × C2) \ (Ej ∪
Em), Em)✳ ❋✐♥❛❧❧②✱ ✐❢ S ✐s ♥♦♥✲s②♠♠❡tr✐❝✱ S✲❝✉ts ❝♦rr❡s♣♦♥❞s t♦ s❡♠✐✲❥♦✐♥s ♦❢ B ✭s❡❡ ❛♣♣❡♥❞✐①✮✳
❈♦♠♣❧❡①✐t②✿ ■t ✐s ✇❡❧❧ ❛❞♠✐tt❡❞ t❤❛t ✇❡ ❝❛♥ ♣❡r❢♦r♠ ❛ ❇❋❙ ♦♥ ❛ ❣r❛♣❤ ♦r ✐ts ❝♦♠♣❧❡♠❡♥t
✐♥ ❧✐♥❡❛r t✐♠❡ ❬✶✸✱ ✻❪✳ ❚❤❡ ✐♥str✉❝t✐♦♥s ♦♥ ❧✐♥❡s ❬✷✲✺✱✽❪ ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ ❛ ❇❋❙ ♦♥ ❛ ❣r❛♣❤ ♦r ✐ts
❝♦♠♣❧❡♠❡♥t✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✇❡ ❝❛♥ ❞♦ ❛ ❇❋❙ ♦♥ t❤❡ ❜✐✲❝♦♠♣❧❡♠❡♥t ✐♥ ❧✐♥❡❛r t✐♠❡ ✭❧✐❦❡ ❛
❇❋❙ ♦♥ ❛ ❝♦♠♣❧❡♠❡♥t ❣r❛♣❤✱ ✇✐t❤ t✇♦ ✈❡rt❡① ❧✐sts ❢♦r X ❛♥❞ Y ✮✱ s♦ ✐♥str✉❝t✐♦♥ ❧✐♥❡ ✶✵ ❝❛♥ ❜❡
❞♦♥❡ ✐♥ ❧✐♥❡❛r t✐♠❡✳ ❋✐♥❛❧❧②✱ t❤❡ ♦♣❡r❛t✐♦♥s ❛t ❧✐♥❡ ✶✶ ❛r❡ ❞♦♥❡ ✐♥ ❧✐♥❡❛r t✐♠❡ ✭s❡❡ ❛♣♣❡♥❞✐①✮✳
❚❤❡s❡ r❡s✉❧ts ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s✿
❚❤❡♦r❡♠ ✶✻✳ ❆❧❣♦r✐t❤♠ ✶ ❝♦♠♣✉t❡s t❤❡ ❝❛♥♦♥✐❝❛❧ ◆▲❈✲✷ ρ✲❢r❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ ❛ ✷✲❧❛❜❡❧❧❡❞
❣r❛♣❤ ✐♥ O(nm) t✐♠❡✳
✸✳✷ ◆▲❈✲✷ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ♣r✐♠❡ ❣r❛♣❤
■♥ t❤✐s s❡❝t✐♦♥✱ G ✐s ❛♥ ✉♥❧❛❜❡❧❧❡❞ ♣r✐♠❡ ✭✇✳r✳t✳ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥✮ ❣r❛♣❤✱ ✇✐t❤ |V | ≥ 3✳ r
❉❡✜♥✐t✐♦♥ ✶✼ ✭2✲❜✐♠♦❞✉❧❡✮✳ ❆ ❜✐♣❛rt✐t✐♦♥ {X,Y } ♦❢ V ✐s ❛ 2✲❜✐♠♦❞✉❧❡ ✐❢ X ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞
✐♥t♦ X1 ❛♥❞ X2✱ ❛♥❞ Y ✐♥t♦ Y1 ❛♥❞ Y2 s✉❝❤ t❤❛t ❢♦r ❛❧❧ (i, j) ∈ {1, 2}×{1, 2}✱ t❤❡♥ ❡✐t❤❡r Xi ✵© Yj
♦r Xi ✶© Yj ✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✐❢ {X,Y } ✐s ❛ 2✲❜✐♠♦❞✉❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ {X,Y } ✐s ❛ s♣❧✐t✱ ❛
❝♦✲s♣❧✐t ♦r ❛ ❜✐✲❥♦✐♥✳ ▼♦r❡♦✈❡r✱ ✐❢ min(|X|, |Y |) > 1 t❤❡♥ {X,Y } ❝❛♥♥♦t ❜❡ ❜♦t❤ ♦❢ t❤❡♠ ✐♥ t❤❡
s❛♠❡ t✐♠❡ ✭s✐♥❝❡ G ✐s ♣r✐♠❡✮✳
▲❡t l : V → {1, 2} ❜❡ ❛ ✷✲❧❛❜❡❧❧✐♥❣✳ ❚❤❡♥ s(l) ❞❡♥♦t❡ t❤❡ ✷✲❧❛❜❡❧❧✐♥❣ ♦♥ V s✉❝❤ t❤❛t s(l)(v) = 1
✐❢ ❛♥❞ ♦♥❧② ✐❢ l(v) = 2✳
❉❡✜♥✐t✐♦♥ ✶✽ ✭▲❛❜❡❧❧✐♥❣ ✐♥❞✉❝❡❞ ❜② ❛ 2✲❜✐♠♦❞✉❧❡✮✳ ▲❡t {X,Y } ❜❡ ❛ 2✲❜✐♠♦❞✉❧❡✳ ❲❡ ❞❡✜♥❡ t❤❡
❧❛❜❡❧❧✐♥❣ l : V → {1, 2} ♦❢ G ✐♥❞✉❝❡❞ ❜② {X,Y }✳ ■❢ |X| = |Y | = 1✱ t❤❡♥ l(x) = 1 ❛♥❞ l(y) = 2✱
✇❤❡r❡ X = {x} ❛♥❞ Y = {y}✳ ■❢ |X| = 1✱ t❤❡♥ l(v) = 1 ✐✛ v ∈ N [x]✳ ❙✐♠✐❧❛r❧② ✐❢ |Y | = 1✱
t❤❡♥ l(v) = 1 ✐✛ v ∈ N [y]✳ ◆♦✇ ✇❡ s✉♣♣♦s❡ min(|X|, |Y |) > 1✳ ■❢ {X,Y } ✐s ❛ s♣❧✐t✱ t❤❡♥ t❤❡
s❡t ♦❢ ✈❡rt✐❝❡s ✐♥ X ✇✐t❤ ❛ ♥❡✐❣❤❜♦✉r Y ❛♥❞ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ✐♥ Y ✇✐t❤ ❛ ♥❡✐❣❤❜♦✉r ✐♥ X ✐s
❧❛❜❡❧❧❡❞ 1✱ ♦t❤❡rs ✈❡rt✐❝❡s ❛r❡ ❧❛❜❡❧❧❡❞ 2✳ ■❢ {X,Y } ✐s ❛ ❝♦✲s♣❧✐t✱ t❤❡♥ ❛ ❧❛❜❡❧❧✐♥❣ ♦❢ G ✐♥❞✉❝❡❞ ❜②
{X,Y } ✐s ❛ ❧❛❜❡❧❧✐♥❣ ♦❢ G ✐♥❞✉❝❡❞ ❜② t❤❡ s♣❧✐t {X,Y }✳ ❋✐♥❛❧❧② ✐❢ {X,Y } ✐s ❛ ❜✐✲❥♦✐♥✱ l ✐s s✉❝❤
t❤❛t {v ∈ X : l(v) = 1} ✐s ❛ ❥♦✐♥ ✇✐t❤ {v ∈ Y : l(v) = 1} ❛♥❞ {v ∈ X : l(v) = 2} ✐s ❛ ❥♦✐♥ ✇✐t❤
{v ∈ Y : l(v) = 2}✳ ◆♦t❡ t❤❛t ✐❢ {X,Y } ✐s ❛ ❜✐✲❥♦✐♥✱ t❤❡♥ t❤❡r❡ ✐s t✇♦ ♣♦ss✐❜❧❡s ❧❛❜❡❧❧✐♥❣ l1 ❛♥❞
l2 s✉❝❤ t❤❛t l1 = s(l2)✳ ■❢ {X,Y } ✐s ❛ 2✲❜✐♠♦❞✉❧❡ ♦❢ G ❛♥❞ l ❛ ❧❛❜❡❧❧✐♥❣ ✐♥❞✉❝❡❞ ❜② {X,Y }✱ t❤❡♥
❡✈❡r② ♠♦♥♦✲❝♦❧♦✉r❡❞ ♠♦❞✉❧❡ ❤❛s s✐③❡ 1 ✭s✐♥❝❡ G ✐s ♣r✐♠❡ ❛♥❞ |V | ≥ 3✮✳
❉❡✜♥✐t✐♦♥ ✶✾ ✭●♦♦❞ 2✲❜✐♠♦❞✉❧❡✮✳ ❆ 2✲❜✐♠♦❞✉❧❡ {X,Y } ✐s ❣♦♦❞ ✐❢ t❤❡ ❣r❛♣❤ G ✇✐t❤ t❤❡ ❧❛❜❡❧❧✐♥❣
✐♥❞✉❝❡❞ ❜② {X,Y } ✐s ◆▲❈✲✷ ρ✲❢r❡❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❝♦♠❡s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ❧❡♠♠❛ ✸✳
Pr♦♣♦s✐t✐♦♥ ✷✵✳ G ✐s ◆▲❈✲✷ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ❤❛s ❛ ❣♦♦❞ 2✲❜✐♠♦❞✉❧❡✳
▲❡♠♠❛ ✷✶✳ ■❢ G ❤❛s ❛ ❣♦♦❞ 2✲❜✐♠♦❞✉❧❡ {X,Y } ✇❤✐❝❤ ✐s ❛ s♣❧✐t✱ t❤❡♥ G ❤❛s ❛ ❣♦♦❞ 2✲❜✐♠♦❞✉❧❡
✇❤✐❝❤ ✐s ❛ str♦♥❣ s♣❧✐t✳
Pr♦♦❢✳ ❚❤❡r❡ ✐s ❛ ♥♦❞❡ α ✐♥ t❤❡ s♣❧✐t ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ❛♥❞ ∅ ( I ( {1, . . . , d(α)} s✉❝❤ t❤❛t
{X,Y } = {∪i∈IC
i
α,∪i6∈IC
i
α}✳ ▲❡t l : V → {1, 2} ❜❡ t❤❡ ❧❛❜❡❧❧✐♥❣ ♦❢ G ✐♥❞✉❝❡❞ ❜② {X,Y }✳ ❋♦r ❛❧❧
i ∈ {1, . . . , d(α)}✱ (G[Ciα], l|Ciα) ✐s ◆▲❈✲✷ ρ✲❢r❡❡ ✭✇❤❡r❡ l|W ✐s t❤❡ ❢✉♥❝t✐♦♥ l r❡str✐❝t❡❞ ❛t W ✮✳
▲❡t l′ ❜❡ t❤❡ 2✲❧❛❜❡❧❧✐♥❣ ♦❢ V s✉❝❤ t❤❛t ❢♦r ❛❧❧ i✱ ❛♥❞ v ∈ Ciα✱ l(v) = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ v ❤❛s
❛ ♥❡✐❣❤❜♦✉r ♦✉ts✐❞❡ ♦❢ Ciα✳ ❋♦r ❛❧❧ i✱ ❡✐t❤❡r l|Ciα = l
′|Ciα ✱ ♦r ∀v ∈ C
i
α✱ l(v) = 2✳ ❚❤❡♥ ❢♦r ❛❧❧ i✱
(G[Ciα], l
′|Ciα) ✐s ◆▲❈✲✷ ρ✲❢r❡❡✱ ❛♥❞ t❤✉s (G, l
′) ✐s ◆▲❈✲✷ ρ✲❢r❡❡✳ ❙✐♥❝❡ t❤❡r❡ ✐s ❛ ❞♦♠✐♥❛t✐♥❣ ✈❡rt❡①
✐♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❣r❛♣❤ ♦❢ α✱ t❤❡r❡ ✐s ❛ j s✉❝❤ t❤❛t t❤❡ ❧❛❜❡❧❧✐♥❣ ✐♥❞✉❝❡❞ ❜② t❤❡ str♦♥❣ s♣❧✐t
{Cjα, V \ C
j
α} ✐s l′✳ ❚❤✉s t❤❡ str♦♥❣ s♣❧✐t {C
j
α, V \ C
j
α} ✐s ❣♦♦❞✳
✼
■♥♣✉t✿ ❆ ❣r❛♣❤ G
❘❡s✉❧t✿ ❨❡s ✐✛ G ✐s ◆▲❈✲✷
S ← t❤❡ s❡t ♦❢ str♦♥❣ s♣❧✐ts✱ ❝♦✲s♣❧✐ts ❛♥❞ ❜✐✲❥♦✐♥s ♦❢ G ❀
❢♦r❡❛❝❤ {X,Y } ∈ S ❞♦
l ← t❤❡ ❧❛❜❡❧❧✐♥❣ ♦❢ G ✐♥❞✉❝❡❞ ❜② {X,Y } ❀
✐❢ (G[X], G[Y ], l) ✐s ◆▲❈✲✷ ρ✲❢r❡❡ t❤❡♥ r❡t✉r♥ ❨❡s ❀
r❡t✉r♥ ◆♦ ❀
❆❧❣♦r✐t❤♠ ✸✿ ❘❡❝♦❣♥✐t✐♦♥ ♦❢ ♣r✐♠❡ ◆▲❈✲✷ ❣r❛♣❤s
Pr❡✈✐♦✉s ❧❡♠♠❛ ♦♥ G s❛② t❤❛t ✐❢ G ❤❛s ❛ ❣♦♦❞ 2✲❜✐♠♦❞✉❧❡ {X,Y } ✇❤✐❝❤ ✐s ❛ ❝♦✲s♣❧✐t✱ t❤❡♥ G
❤❛s ❛ ❣♦♦❞ 2✲❜✐♠♦❞✉❧❡ ✇❤✐❝❤ ✐s ❛ str♦♥❣ ❝♦✲s♣❧✐t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s s✐♠✐❧❛r t♦ ▲❡♠♠❛ ✷✶✳
▲❡♠♠❛ ✷✷✳ ■❢ G ❤❛s ❛ ❣♦♦❞ 2✲❜✐♠♦❞✉❧❡ {X,Y } ✇❤✐❝❤ ✐s ❛ ❜✐✲❥♦✐♥✱ t❤❡♥ G ❤❛s ❛ ❣♦♦❞ 2✲❜✐♠♦❞✉❧❡
✇❤✐❝❤ ✐s ❛ str♦♥❣ ❜✐✲❥♦✐♥✳
❚❤❡♦r❡♠ ✷✸✳ ❆❧❣♦r✐t❤♠ ✸ r❡❝♦❣♥✐s❡s ♣r✐♠❡ ◆▲❈✲✷ ❣r❛♣❤s✱ ❛♥❞ ✐ts t✐♠❡ ❝♦♠♣❧❡①✐t② ✐s O(n2m)✳
Pr♦♦❢✳ ❚r✐✈✐❛❧❧② ✐❢ t❤❡ ❛❧❣♦r✐t❤♠ r❡t✉r♥ ❨❡s✱ t❤❡♥ G ✐s ◆▲❈✲✷✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ♣r♦♣♦s✐✲
t✐♦♥ ✷✵✱ ❛♥❞ ❧❡♠♠❛s ✷✶ ❛♥❞ ✷✷✱ ✐❢ G ✐s ◆▲❈✲✷✱ t❤❡♥ ✐t ❤❛s ❛ ❣♦♦❞ str♦♥❣ 2✲❜✐♠♦❞✉❧❡ ❛♥❞ t❤❡
❛❧❣♦r✐t❤♠ r❡t✉r♥s ❨❡s✳
❚❤❡ s❡t S ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r ❝♦♠♣✉t✐♥❣ s♣❧✐t ❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥ G ❛♥❞ G✱
❛♥❞ ❜✐✲❥♦✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥ G✳ ◆♦t❡ t❤❛t ✐t ✐s ♥♦t r❡q✉✐r❡❞ t♦ ✉s❡ ❛ ❧✐♥❡❛r t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r
s♣❧✐t ❞❡❝♦♠♣♦s✐t✐♦♥ ❬✺❪✿ s♦♠❡ s✐♠♣❧❡r ❛❧❣♦r✐t❤♠s r✉♥ ✐♥ O(n2m) ❬✹✱ ✶✵❪✳ ❬✼✱ ✽❪ s❤♦✇ t❤❛t ❜✐✲❥♦✐♥
❞❡❝♦♠♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❧✐♥❡❛r t✐♠❡✱ ✉s✐♥❣ ❛ r❡❞✉❝t✐♦♥ t♦ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❇✉t
t❤❡r❡ ❛❧s♦✱ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠s s✐♠♣❧❡r t❤❛♥ ❬✶✺❪ ♠❛② ❜❡ ✉s❡❞✳ ❚❤❡ s❡t S ❤❛s O(n)
❡❧❡♠❡♥ts✳ ❚❡st✐♥❣ ✐❢ ❛ 2✲❜✐♠♦❞✉❧❡ ✐s ❣♦♦❞ t❛❦❡s O(nm) ✉s✐♥❣ ❛❧❣♦r✐t❤♠ ✶✳ ❙♦ t♦t❛❧ r✉♥♥✐♥❣ t✐♠❡
✐s O(n2m)✳
✸✳✸ ◆▲❈✲✷ ❞❡❝♦♠♣♦s✐t✐♦♥
❯s✐♥❣ ❧❡♠♠❛ ✷✱ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❛❧❣♦r✐t❤♠ ✸✱ ✇❡ ❣❡t✿
❚❤❡♦r❡♠ ✷✹✳ ◆▲❈✲✷ ❣r❛♣❤s ❝❛♥ ❜❡ r❡❝♦❣♥✐s❡❞ ✐♥ O(n2m)✱ ❛♥❞ ❛ ◆▲❈✲✷ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ❣❡♥✲
❡r❛t❡❞ ✐♥ t❤❡ s❛♠❡ t✐♠❡✳
✹ ●r❛♣❤ ✐s♦♠♦r♣❤✐s♠ ♦♥ ◆▲❈✲✷ ❣r❛♣❤s
✹✳✶ ●r❛♣❤ ■s♦♠♦r♣❤✐s♠ ♦♥ ◆▲❈✲✷ ρ✲❢r❡❡ ♣r✐♠❡ ❣r❛♣❤s
❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥s ❛r❡ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡s ♦❢ ♣r♦♣❡rt✐❡s ✭❧✐♥❡❛r ❛♥❞ ❞❡❣❡♥❡r❛t❡✮ ♦❢ S✲❝✉ts✳
Pr♦♣♦s✐t✐♦♥ ✷✺✳ ❈♦♥s✐❞❡r ❛ s②♠♠❡tr✐❝ S ∈ {1, 2}×{1, 2}✳ ❚✇♦ ❣r❛♣❤s G ❛♥❞ H ❛r❡ ✐s♦♠♦r♣❤✐❝
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ pi ❜❡t✇❡❡♥ PS(G) ❛♥❞ PS(H) s✉❝❤ t❤❛t ❢♦r ❛❧❧ P ∈ PS(G)✱ G[P ]
✐s ✐s♦♠♦r♣❤✐❝ t♦ H[pi(P )]✳
Pr♦♣♦s✐t✐♦♥ ✷✻✳ ▲❡t ❛ ♥♦♥✲s②♠♠❡tr✐❝ S ∈ {1, 2} × {1, 2} ❛♥❞ ❧❡t G ❛♥❞ H ❜❡ t✇♦ ❣r❛♣❤s✳ ▲❡t
P ′S(G) = (P1, . . . , Pk) ❛♥❞ P
′
S(H) = (P
′
1, . . . , P
′
k′) t❤❡♥ G ❛♥❞ H ❛r❡ ✐s♦♠♦r♣❤✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢
k = k′ ❛♥❞ ❢♦r ❛❧❧ i ∈ {1, . . . , k}✱ G[Pi] ✐s ✐s♦♠♦r♣❤✐❝ t♦ H[P
′
i ]✳
❇② t❤❡ ♣r❡✈✐♦✉s ✷ ♣r♦♣♦s✐t✐♦♥s✱ t✇♦ ◆▲❈✲✷ ρ✲❢r❡❡ ✷✲❧❛❜❡❧❧❡❞ ❣r❛♣❤s G ❛♥❞ H ❛r❡ ✐s♦♠♦r♣❤✐❝
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡✐r ❝❛♥♦♥✐❝❛❧ ◆▲❈✲✷ ρ✲❢r❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡
✇❤✐❝❤ r❡s♣❡❝ts t❤❡ ♦r❞❡r ♦❢ ❝❤✐❧❞r❡♥ ♦❢ ❧✐♥❡❛r ♥♦❞❡s✳ ❚❤✐s ✐s♦♠♦r♣❤✐s♠ ❝❛♥ ❜❡ t❡st❡❞ ✐♥ ❧✐♥❡❛r
t✐♠❡✱ t❤✉s ✐s♦♠♦r♣❤✐s♠ ♦❢ ◆▲❈✲✷ ρ✲❢r❡❡ ❣r❛♣❤s ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ O(nm) t✐♠❡✳
✽
■♥♣✉t✿ ❚✇♦ ♣r✐♠❡ ◆▲❈✲✷ ❣r❛♣❤s G ❛♥❞ H
❘❡s✉❧t✿ ❨❡s ✐❢ G ≃ H✱ ◆♦ ♦t❤❡r✇✐s❡
S ← t❤❡ s❡t ♦❢ str♦♥❣ s♣❧✐ts✱ ❝♦✲s♣❧✐ts ❛♥❞ ❜✐✲❥♦✐♥s ♦❢ G ❀
S ′ ← t❤❡ s❡t ♦❢ str♦♥❣ s♣❧✐ts✱ ❝♦✲s♣❧✐ts ❛♥❞ ❜✐✲❥♦✐♥s ♦❢ H ❀
✐❢ t❤❡r❡ ✐s ♥♦ ❣♦♦❞ 2✲❜✐♠♦❞✉❧❡ ✐♥ S t❤❡♥ ❢❛✐❧ ✇✐t❤ ✏G ✐s ♥♦t ◆▲❈✲✷✑❀
{X,Y } ← ❛ ❣♦♦❞ 2✲❜✐♠♦❞✉❧❡ ✐♥ S ❀
l ← t❤❡ ❧❛❜❡❧❧✐♥❣ ♦❢ G ✐♥❞✉❝❡❞ ❜② {X,Y } ❀
❢♦r❡❛❝❤ {X ′, Y ′} ∈ S ′ s✉❝❤ t❤❛t {X ′, Y ′} ✐s ❣♦♦❞ ❞♦
l′ ← t❤❡ ❧❛❜❡❧❧✐♥❣ ♦❢ H ✐♥❞✉❝❡❞ ❜② {X ′, Y ′} ❀
✐❢ |X| > 1 ❛♥❞ |Y | > 1 ❛♥❞ {X,Y } ✐s ❛ ❜✐✲❥♦✐♥ t❤❡♥
✐❢ (G, l) ≃ (H, l′) ♦r (G, l) ≃ (H, s(l′)) t❤❡♥ r❡t✉r♥ ❨❡s ❀
❡❧s❡ ✐❢ (G, l) ≃ (H, l′) t❤❡♥ r❡t✉r♥ ❨❡s ❀
r❡t✉r♥ ◆♦ ❀
❆❧❣♦r✐t❤♠ ✹✿ ■s♦♠♦r♣❤✐s♠ ❢♦r ♣r✐♠❡ ◆▲❈✲✷ ❣r❛♣❤s
✹✳✷ ●r❛♣❤ ✐s♦♠♦r♣❤✐s♠ ♦♥ ♣r✐♠❡ ◆▲❈✲✷ ❣r❛♣❤s
❚❤❡♦r❡♠ ✷✼✳ ❆❧❣♦r✐t❤♠ ✹ t❡st ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t✇♦ ♣r✐♠❡ ◆▲❈✲✷ ❣r❛♣❤s ✐♥ t✐♠❡ O(n2m)✳
Pr♦♦❢✳ ■❢ t❤❡ ❛❧❣♦r✐t❤♠ r❡t✉r♥s ✏②❡s✑✱ t❤❡♥ tr✐✈✐❛❧❧② G ≃ H✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ s✉♣♣♦s❡ t❤❛t
G ≃ H ❛♥❞ ❧❡t pi : V (G)→ V (H) ❜❡ ❛ ❜✐❥❡❝t✐♦♥ s✉❝❤ t❤❛t {u, v} ∈ E(G) ✐✛ (pi(u), pi(v)) ∈ E(H)✳
❚❤❡♥ {X ′, Y ′} ✇✐t❤ X ′ = pi(X) ❛♥❞ Y ′ = pi(Y ) ✐s ❛ ❣♦♦❞ 2✲❜✐♠♦❞✉❧❡ ✐❢ H✳ ■❢ min(|X|, |Y |) > 1
❛♥❞ {X ′, Y ′} ✐s ❛ ❜✐✲❥♦✐♥✱ t❤❡♥ ❜② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ✐s t✇♦ ❧❛❜❡❧❧✐♥❣ ✐♥❞✉❝❡❞ ❜② {X,Y }✱ ❛♥❞ (G, l) ≃
(H, l′) ♦r (G, l) ≃ (H, s(l′))✳ ❖t❤❡r✇✐s❡ t❤❡ ❧❛❜❡❧❧✐♥❣ ✐s ✉♥✐q✉❡ ❛♥❞ (G, l) ≃ (H, l′)✳
❚❤❡ s❡ts S ❛♥❞ S ′ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ O(n2) t✐♠❡ ✉s✐♥❣ ❧✐♥❡❛r t✐♠❡ ❛❧❣♦r✐t❤♠s ❢♦r ❝♦♠♣✉t✐♥❣
s♣❧✐t ❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥ G ❛♥❞ G✱ ❛♥❞ ❜✐✲❥♦✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥ G✳ ❚❤❡ s❡ts S ❛♥❞ S ′ ❤❛✈❡ O(n)
❡❧❡♠❡♥ts✳ ❚❡st ✐❢ ❛ 2✲❜✐♠♦❞✉❧❡ ✐s ❣♦♦❞ t❛❦❡ O(nm) ✉s✐♥❣ ❛❧❣♦r✐t❤♠ ✶✱ ❛♥❞ t❡st ✐❢ t✇♦ 2✲❧❛❜❡❧❧❡❞
♣r✐♠❡ ❣r❛♣❤s ❛r❡ ✐s♦♠♦r♣❤✐❝ t❛❦❡ ❛❧s♦ O(nm)✳ ❚❤✉s t❤❡ t♦t❛❧ r✉♥♥✐♥❣ t✐♠❡ ✐s O(n2m)✳
✹✳✸ ●r❛♣❤ ✐s♦♠♦r♣❤✐s♠ ♦♥ ◆▲❈✲✷ ❣r❛♣❤s
■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t ❣r❛♣❤ ✐s♦♠♦r♣❤✐s♠ ♦♥ ♣r✐♠❡ ◆▲❈✲✷ ❣r❛♣❤s ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❧❛❜❡❧s ✐♥t♦
{1, . . . , q} ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ O(n2m) t✐♠❡✳ ❋♦r t❤❛t✱ ✇❡ ❛❞❞ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❧❛❜❡❧ ♦❢ v ❛t t❤❡ ❧❡❛❢
❝♦rr❡s♣♦♥❞✐♥❣ t♦ v ✐♥ t❤❡ ◆▲❈✲✷ ρ✲❢r❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡✳
❲❡ s❤♦✇ t❤❛t ✇❡ ❝❛♥ ❞♦ ❣r❛♣❤ ✐s♦♠♦r♣❤✐s♠ ♦♥ ◆▲❈✲✷ ❣r❛♣❤s ✐♥ t✐♠❡ O(n2m)✱ ✉s✐♥❣ t❤❡
♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❛❧❣♦r✐t❤♠ ✹✳ ▲❡t M(G) ❛♥❞ M(H) ❜❡ t❤❡ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ G ❛♥❞ H✳ ❋♦r M ∈ M(G)✱ ❧❡t GM ❜❡ G[M ]✱ ❛♥❞ ❢♦r M ∈ M(H)✱ ❧❡t HM ❜❡ H[M ]✳
▲❡t G∗M ❜❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❣r❛♣❤ ♦❢ GM ✭♥♦t❡ t❤❛t |V (G
∗
M )| ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❤✐❧❞r❡♥ ♦❢
M ✐♥ t❤❡ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡✮✳ ▲❡t M(i,∗) = {M ∈ M(G) ∪ M(H) : |M | = i}✱ ❧❡t
M(∗,j) = {M ∈ M(G) ∪M(H) : |V (G
∗
M )| = j} ❛♥❞ ❧❡t M(i,j) = M(i,∗) ∩M(∗,j)✳ ◆♦t❡ t❤❛t∑
jM(∗,j)×j ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✐♥G ♣❧✉s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ t❤❡ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥
tr❡❡✱ ❛♥❞ t❤✉s ✐s ❛t ♠♦st 3n− 2✳
❚❤❡♦r❡♠ ✷✽✳ ❆❧❣♦r✐t❤♠ ✺ t❡sts ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t✇♦ ◆▲❈✲✷ ❣r❛♣❤s ✐♥ t✐♠❡ O(n2m)✳
Pr♦♦❢✳ ❚❤❡ ❝♦rr❡❝t♥❡ss ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❛t ❡❛❝❤ st❡♣✱ ❢♦r ❛❧❧ M,M ′ ∈ M(G) ∪M(H)
s✉❝❤ t❤❛t l(M) ❛♥❞ l(M ′) ❛r❡ s❡t✱ GM ❛♥❞ GM ′ ❛r❡ ✐s♦♠♦r♣❤✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ l(M) = l(M
′)✳ ❚❤❡
✾
■♥♣✉t✿ ❚✇♦ ◆▲❈✲✷ ❣r❛♣❤s G ❛♥❞ H
❘❡s✉❧t✿ ❨❡s ✐❢ G ≃ H✱ ◆♦ ♦t❤❡r✇✐s❡
❢♦r ❡✈❡r② M ∈M(G) ∪M(H) s✉❝❤ t❤❛t |M | = 1 ❞♦ l(M)← 1 ❀
❢♦r i ❢r♦♠ 2 t♦ n ❞♦
❢♦r j ❢r♦♠ 2 t♦ i ❞♦
❈♦♠♣✉t❡ t❤❡ ♣❛rt✐t✐♦♥ P ♦❢ M(i,j) s✉❝❤ t❤❛t M ❛♥❞ M
′ ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝❧❛ss ♦❢ P
✐❢ ❛♥❞ ♦♥❧② ✐❢ (G∗M , l) ≃ (G
∗
M ′ , l)✳ ❀
❢♦r❡❛❝❤ P ∈ P ❞♦
a ← ❛ ♥❡✇ ❧❛❜❡❧ ✭❛♥ ✐♥t❡❣❡r ♥♦t ✐♥ Img(l)✮ ❀
❋♦r ❛❧❧ M ∈ P ✱ l(M)← a ❀
❆❧❣♦r✐t❤♠ ✺✿ ■s♦♠♦r♣❤✐s♠ ♦♥ ◆▲❈✲✷ ❣r❛♣❤s
t♦t❛❧ t✐♠❡ f(n,m) ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s O(n2m) s✐♥❝❡ ✭✏❜✐❣ ❖❤✑ ✐s ♦♠✐tt❡❞✮✿
f(n,m) ≤
∑
i
∑
j
j2m|M(i,j)|
2 ≤ m
∑
j
j2
∑
i
|M(i,j)|
2
≤ m
∑
j
j2|M(∗,j)|
2 ≤ m
∑
j
(j|M(∗,j)|)
2 ≤ n2m.
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✶✵
❆♣♣❡♥❞✐①
❆✳✶ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✶✸
▲❡tG = (X,Y,Ej , Em) ❜❡ ❛ ❇❚ s✉❝❤ t❤❛t ❡✈❡r② ❇❚✲♠♦❞✉❧❡ ❤❛s s✐③❡ 1✳ ▲❡t (x1, . . . , x|X|)
❜❡ X s♦rt❡❞ ❜② (dj(x), dm(x)) ✐♥ ❧❡①✐❝♦❣r❛♣❤✐❝ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r✳ ■❢ (A,B) ✐s ❛ s❡♠✐✲
❥♦✐♥ ♦❢ G✱ t❤❡♥ t❤❡r❡ ✐s ❛ k ∈ {0, . . . , |X|} s✉❝❤ t❤❛t A ∩X = {x1, . . . , xk}✳
Pr♦♦❢✳ ❋♦r ❛❧❧ v ∈ A ∩X✱ dj(v) ≥ |B ∩ Y |✱ ❛♥❞ ❢♦r ❛❧❧ v ∈ B ∩X✱ dj(v) ≤ |B ∩ Y |✳ ▼♦r❡♦✈❡r✱
✐❢ t❤❡r❡ ✐s ❛ v ∈ B ∩ X ✇✐t❤ dj(v) = |B ∩ Y |✱ t❤❡♥ dm(v) = 0✳ ▲❡t C = {v ∈ X : dj(v) =
|B ∩ Y | ❛♥❞ dm(v) = 0}✳ ❚❤❡♥ C ✐s ❛ ❇❚✲♠♦❞✉❧❡ ♦❢ G✱ ❛♥❞ t❤✉s |C| ≤ 1✳ ❊✈❡r② ✈❡rt❡① ✐♥
A∩X \C ❛r❡ ❜❡❢♦r❡ ❡✈❡r② ✈❡rt❡① ✐♥ B∩X \C ✐♥ t❤❡ ♦r❞❡r✐♥❣✳ ▼♦r❡♦✈❡r✱ ✐❢ |C| > 0✱ t❤❡♥ ✈❡rt✐❝❡s
✐♥ A ∩X \ C ❛r❡ ❜❡❢♦r❡ t❤❡ ✈❡rt❡① ✐♥ C✱ ❛♥❞ ✈❡rt✐❝❡s ✐♥ B ∩X \ C ❛r❡ ❛❢t❡r t❤❡ ✈❡rt❡① ✐♥ C ✐♥
t❤❡ ♦r❞❡r✐♥❣✳
❆✳✷ Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✶✹
▲❡t k ∈ {0, . . . , |X|} ❛♥❞ k′ ∈ {0, . . . , |Y |}✳ ❚❤❡♥ (A, (X ∪ Y ) \ A)✱ ✇❤❡r❡ A =
{x1, . . . , xk, y1, . . . , yk′}✱ ✐s ❛ s❡♠✐✲❥♦✐♥ ♦❢ G ✐❢ ❛♥❞ ♦♥❧② ✐❢
∑k
i=1 dj(xi)−
∑k′
i=1 dj(yi) =
k × (|Y | − k′) ❛♥❞
∑k
i=1 dm(xi)−
∑k′
i=1 dm(yi) = 0✳
Pr♦♦❢✳ ❚❤❡ ✏■❢✑ ♣❛rt ✐s ❜② ❞❡✜♥✐t✐♦♥✳ ◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✏❖♥❧② ✐❢✑ ♣❛rt✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t
t❤❡ ❞❡❣r❡❡ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ a t❤❡ ♥✉♠❜❡r ♦❢ ❥♦✐♥ ❡❞❣❡s ❜❡t✇❡❡♥ A∩X ❛♥❞ B∩Y ✱
b t❤❡ ♥✉♠❜❡r ♦❢ ❥♦✐♥ ❡❞❣❡s ❜❡t✇❡❡♥ A∩X ❛♥❞ A∩ Y ✱ ❛♥❞ c t❤❡ ♥✉♠❜❡r ♦❢ ♠✐①❡❞ ❡❞❣❡s ❜❡t✇❡❡♥
A ∩ X ❛♥❞ A ∩ Y ✳ ◆♦t❡ t❤❛t a ≤ k(|Y | − k′)✱ a + b =
∑k
i=1 dj(xi) ❛♥❞ b ≤
∑k′
i=1 dj(yi)✱ t❤✉s
a ≥ k(|Y | − k′)✳ ❙♦ ✇❡ ❤❛✈❡ a = k(|Y | − k′)✱ ❛♥❞
∑k′
i=1 dj(yi) − b = 0✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ✐s
♦♥❧② ❥♦✐♥ ❡❞❣❡s ❜❡t✇❡❡♥ A∩X ❛♥❞ B ∩ Y ✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ❥♦✐♥ ❡❞❣❡s ❜❡t✇❡❡♥ A∩ Y ❛♥❞ B ∩X✳
◆♦✇ s✐♥❝❡ t❤❡r❡ ✐s ♦♥❧② ❥♦✐♥ ❡❞❣❡s ❜❡t✇❡❡♥ A ∩X ❛♥❞ B ∩ Y ✱ c =
∑k
i=1 dm(xi) =
∑k′
i=1 dm(yi)✱
t❤✉s t❤❡r❡ ✐s ♥♦ ♠✐①❡❞ ❡❞❣❡s ❜❡t✇❡❡♥ A ∩ Y ❛♥❞ B ∩X✳
❆✳✸ ❆❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ P ′S ✇❤❡♥ S ✐s ♥♦♥✲s②♠♠❡tr✐❝
Pr♦♦❢✳ ❈♦rr❡❝t♥❡ss✿ ❆❧❣♦r✐t❤♠ ✻ ❣❡♥❡r❛t❡s ❛❧❧ t❤❡ s❡♠✐✲❥♦✐♥s ♦❢ B✳ ❆t ❛♥② t✐♠❡✱ sj =
∑k
i=1 dj(xi)✱
sm =
∑k
i=1 dm(xi)✱ s
′
j =
∑k′
i=1 dj(yi) ❛♥❞ s
′
m =
∑k′
i=1 dm(yi)✳ ■♥ B✱ ❡✈❡r② ❇❚✲♠♦❞✉❧❡ ❤❛s s✐③❡ 1✱
♦t❤❡r✇✐s❡ t❤❡r❡ ✐s ❛ ♠♦♥♦✲❝♦❧♦✉r❡❞ ♠♦❞✉❧❡ ✐♥ G ♦❢ s✐③❡ ❛t ❧❡❛st 2✳ ■❢ (A,B) ✐s ❛ s❡♠✐✲❥♦✐♥✱ t❤❡♥ ❜②
❧❡♠♠❛ ✶✸ ♦♥ (C1, C2, Ej , Em) ❛♥❞ (C2, C1, Ej , Em)✱ t❤❡r❡ ✐s ❛ a ❛♥❞ b s✉❝❤ t❤❛tA∩C1 = {x1, . . . , xa}
❛♥❞ A ∩ C2 = {y1, . . . , yb}✳ ❆t ❛♥② t✐♠❡✱ (A
′, (C1 ∪ C2) \ A
′) ✇✐t❤ A′ = {x1, . . . , xl, y1, . . . , yl′} ✐s
t❤❡ ❧❛st s❡♠✐✲❥♦✐♥ ❢♦✉♥❞✳ ❆t k = a✱ t❤❡ ✇❤✐❧❡ ❧✐♥❡ ✶✷ ✇✐❧❧ st♦♣ ✇❤❡♥ sj − s
′
j = k × (|C2| − k
′)
s✐♥❝❡ ❢♦r ❡✈❡r② v ∈ A ∩ C2✱ dj(v) ≤ k✱ ❛♥❞ s
′
j + k × (|C2| − k
′) ❞❡❝r❡❛s❡ ✇✐t❤ k′✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥
t❤❡ ✇❤✐❧❡ ❧♦♦♣ st♦♣s✱ sm = s
′
m s✐♥❝❡ s
′
m ✐♥❝r❡❛s❡ ✇✐t❤ k
′✳ ❚❤✉s ✐❢ b 6= k′✱ t❤❡♥ {yk′+1, . . . yb} ✐s ❛
❇❚✲♠♦❞✉❧❡ ❛♥❞ b = k′ + 1 ✭s✐♥❝❡ ❡✈❡r② ❇❚✲♠♦❞✉❧❡ ❤❛s s✐③❡ 1✮✳ ■♥ ❛❧❧ ❝❛s❡s t❤❡ ❛❧❣♦r✐t❤♠ ✜♥❞s
(A,B)✱ ❛♥❞ ❛❞❞s t❤❡ ♣❛rt✐t✐♦♥ ✐♥ P ′✳
❈♦♠♣❧❡①✐t②✿ ❆s ✇❡ s❡❡ ✐♥ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ✶✺✱ ❡✈❡r② ✐♥str✉❝t✐♦♥ ❧✐♥❡s ❬✷✲✺❪ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥
❧✐♥❡❛r t✐♠❡✱ ❛♥❞ ❝❧❡❛r❧② ❡✈❡r② ✐♥str✉❝t✐♦♥ ❧✐♥❡s ❬✻✲✷✷❪ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ❧✐♥❡❛r t✐♠❡✱ t❤✉s t❤❡ t♦t❛❧
r✉♥♥✐♥❣ t✐♠❡ ✐s O(n+m)✳
✶✶
■♥♣✉t✿ ❆ 2✲❧❛❜❡❧❧❡❞ ❣r❛♣❤ G✱ ❛♥❞ ❛ ♥♦♥✲s②♠♠❡tr✐❝ S ⊆ {1, 2} × {1, 2}
❖✉t♣✉t✿ P ′S
Vi ← {v : v ∈ V ❛♥❞ l(v) = i} ❀✶
✐❢ (1, 1) ∈ S t❤❡♥ C1 ← ❝♦✲❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G[V1]❀✷
❡❧s❡ C1 ← ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G[V1]❀✸
✐❢ (2, 2) ∈ S t❤❡♥ C2 ← ❝♦✲❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G[V2]❀✹
❡❧s❡ C2 ← ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G[V2]❀✺
B = (C1, C2, Ej , Em) ← t❤❡ ❜✐♣❛rt✐t❡ tr✐❣r❛♣❤ ❜❡t✇❡❡♥ t❤❡ ❡❧❡♠❡♥ts ♦❢ C1 ❛♥❞ C2 ❀✻
(x1, . . . , x|C1|) ← C1 s♦rt❡❞ ❜② ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r ♦♥ (−dj(v),−dm(v)) ❀✼
(y1, . . . , y|C2|) ← C2 s♦rt❡❞ ❜② ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r ♦♥ (dj(v), dm(v)) ❀✽
P ′ ← () ❀ l← 0❀ l′ ← 0❀ k′ ← 0 ❀ k ← 0 ❀✾
sj ← 0 ❀ sm ← 0 ❀ s
′
j ← 0 ❀ s
′
m ← 0 ❀✶✵
✇❤✐❧❡ k ≤ |C1| ❞♦✶✶
✇❤✐❧❡ sj − s
′
j < k × (|C2| − k
′) ♦r ✭ sj − s
′
j = k × (|C2| − k
′) ❛♥❞ sm > s
′
m✮ ❞♦✶✷
k′ ← k′ + 1 ❀ s′j ← s
′
j + dj(yk′) ❀ s
′
m ← s
′
m + dm(yk′) ❀✶✸
✐❢ sj − s
′
j = k × (|C2| − k
′) ❛♥❞ sm = s
′
m t❤❡♥✶✹
❛❞❞ {xl+1, . . . , xk} ∪ {yl′+1 . . . , yk′} ❛t t❤❡ ❡♥❞ ♦❢ P
′ ❀ l← k ❀ l′ ← k′ ❀✶✺
✐❢ sj − s
′
j − dj(yk+1) = k × (|C2| − k
′ − 1) ❛♥❞ sm = s
′
m + dm(yk+1) t❤❡♥✶✻
k′ ← k′ + 1 ❀ s′j ← s
′
j + dj(yk′) ❀ s
′
m ← s
′
m + dm(yk′) ❀✶✼
❛❞❞ {yk′} ❛t t❤❡ ❡♥❞ ♦❢ P
′ ❀ l′ ← k′ ❀✶✽
k ← k + 1 ❀ sj ← sj + dj(xk) ❀ sm ← sm + dm(xk) ❀✶✾
r❡♠♦✈❡ ∅ ❢♦r♠ P ′✱ ✐❢ ❛♥② ❀✷✵
✐❢ (2, 1) ∈ S t❤❡♥ r❡✈❡rs❡ P ′❀✷✶
r❡t✉r♥ P ′✷✷
❆❧❣♦r✐t❤♠ ✻✿ ❈♦♠♣✉t❛t✐♦♥ ♦❢ P ′S ✇❤❡♥ S ✐s ♥♦♥✲s②♠♠❡tr✐❝
✶✷
